Chebyshev-type quadrature for the weight functions 1-ai wa(t) =-.
INTRODUCTION AND STATEMENT OF RESULTS
A Chebyshev-type quadrature formula is a numerical integration formula in which all weights are equal. For an integrable nonnegative weight function w(t) on [-1, 1] with \"i_xw(t)dt= 1, this is a formula of the type (i.i) f f(t)w(t)dt*±J2f(xĴ~i 1=1 with (not necessarily distinct) nodes x¡ € [-1, 1], i = 1,... , TV. We call N the size of (1.1). The degree of (1.1) is the maximal number n such that equality holds for every polynomial f(t) of degree < n . We say that w(t) admits Chebyshev-type quadrature of size N and degree n if there exist N points x¡ € [-1, 1] such that (1.1) has degree n. See [2, 3] , for surveys on Chebyshev-type quadrature. If N < n, then (1.1) is called a Chebyshev quadrature formula. We say that w(t) admits Chebyshev quadrature if a Chebyshev quadrature formula exists for every n. The classical example of a weight function which admits Chebyshev quadrature is the function (1 -t2)~xl2/n, but more examples are known; see [2] and the references therein.
In this paper we consider the weight functions wa(t)= j~a ,', -l<r<l, -l<a<l. 7rvl -12 These functions arise in connection with quadrature problems on the surface of a torus; see §5. It has been proved by Xu [16] that wa(t) admits Chebyshev quadrature if \a\ < y = 0.27846... , where y is the unique positive root of xex+x = 1. We show that for the weight functions wa(t), the existence of Chebyshevtype quadrature is related to properties of the partial sums sn(z) of the exponential series, " zk fc=0 Using a general condition for the existence of Chebyshev-type quadrature (Theorem 1), we find that wa(t) admits Chebyshev-type quadrature of size TV and degree > n if and only if s"(z) can be extended to a real polynomial of degree 27V having all its zeros on the circle \z\ = \a\N. Here we say that p(z) is an extension of s"(z) if p(z) = sn(z) +cf(zn+x) (z -► 0). Furthermore, if s"(z) has an extension to a polynomial of degree 27V -n -1 which has all its zeros in \z\ > \a\N, then wa(t) admits Chebyshev-type quadrature of size TV and degree > «.
Thus, we are led to consider extensions of s"(z) which have their zeros as far from the origin as possible. Our main results are as follows:
• For 0 < R < j there is a constant c such that every s"(z) has an extension to a polynomial of degree en which has no zeros in \z\ < Ren (Theorem 6).
• For a e (-1, 1) there exist positive constants Ci, C2 such that wa(t) admits Chebyshev-type quadrature of degree n and size TV where C./i < TV< C2n (Corollary 7). An application to Chebyshev-type quadrature on the surface of the torus is given in Theorem 8. • For \a\ = 1 the corresponding bounds are G«3 < TV< C2«\ which imply that s"(z) can be extended to a polynomial of degree TV « C«3 which has all its zeros on the circle \z\ = TV/2 (Corollary 5). • The bound \a\ < y for the existence of Chebyshev quadrature is sharp:
For \a\ > y, the weight function wa(t) does not admit Chebyshev quadrature (Proposition 4). 
Condition for
In terms of the function G(z) we have the following conditions for the existence of Chebyshev-type quadrature. Theorem 1 is a slight modification of results due to Geronimus where we have written cos ^>; = x¡. Comparing coefficients in (2.4) and (2.5) and using (2.1), we find 1 N rx JjHTkiXj) = Cj; = j Tk(t)w(t)dt, k = l,...,n, that is, the points xj € (-1, 1), j = I, ... , TV, are the nodes of a Chebyshevtype quadrature formula for w(t) of degree > n . Conversely, if Xj €• (-1, 1), j = I, ... , TV, are the nodes of a Chebyshevtype quadrature formula of degree > n , then writing Xj = cos cf>j and defining P(z) as in equation (2.3), we can easily check that P(z) satisfies l.(a)(b).
Next, assume that the real polynomial p(z) of degree 2TV -n -1 satisfies 2. Denoting by s"(z) = 5Z"=o zJ'Uy-tne ntn partial sum of the exponential series, we obtain for a ^ 0,
A result of Seymour and Zaslavsky [11, Corollary 2] shows that for every n , Chebyshev-type quadrature formulas of degree > n exist in case the size TV is sufficiently large. So part 1 of Theorem 1 implies Corollary 2. Let n e N, 0 < a < 1. For TV sufficiently large, s"(z) has an extension to a real polynomial of degree 2TV having all its zeros on the circle \z\ = aN.
Note that the bound a < 1 is sharp. For a > 1, it is not possible that every sn(z) has an extension to a real polynomial of degree 2TV having all its zeros on \z\ = aN, since that would imply that Chebyshev-type quadrature of every degree exists for the weight function (1 -at)/(n\/l -t2) which assumes negative values in (-1,1). This is impossible, since a slim high-peaked impulse function, centered at a point where the weight function is negative could be approximated arbitrarily closely by a polynomial of sufficiently high degree whose square could then be taken in the role of / in (1.1). This would produce a negative number on the left, and a nonnegative number on the right. Part 2 of Theorem 1 gives the following condition for the existence of a Chebyshev-type quadrature for wa(t).
Corollary 3. Let -1 < a < 1. If s"(z) has an extension to a polynomial of degree 2TV -n -1 which has all its zeros in \z\ > \a\N, then there exists a Chebyshev-type quadrature formula for wa(t) of size TV and degree >n.
The question of Chebyshev quadrature for wa(t) has been discussed by Xu [16] . He proved that wa(t) admits Chebyshev quadrature if \a\ < y = 0.2784645... , where y is the unique positive solution of xex+x = 1.
Corollary 3 with TV = n + 1 shows that Chebyshev-type quadrature of size n + 1 and degree > n is possible if the zeros of s"+i(z) have absolute value >'|fl|(« + 1). [Take sn+i(z) as the extension of sn(z).] The behavior of the zeros of s"(z) has been well studied. It is a classical result of Szegö [13] that accumulation points of the zeros of the normalized partial sums s"(nz) lie on the curve given by \ex~zz\ = l, \z\<l.
Later, Buckholtz [1] showed that all zeros lie outside this curve. The point on the curve with smallest absolute value is on the negative real axis and is -y, which is in accordance with Xu's result. For more details on the zeros of sn(z), see [15, Chapter 4] .
Using Theorem 1, we can prove that Xu's bound \a\ < y for the existence of Chebyshev quadrature is sharp. Proof. Without loss of generality we take a e (y, 1).
Let n 6 N and suppose that wa(t) admits Chebyshev quadrature of degree n . By part 1 of Theorem 1 there is a real polynomial P(z) of degree 2« having all its zeros on the unit circle and satisfying P(z) = exp(anz)+c?(zn+x) (z-»0).
Then P(z) = P*(z) and it easily follows that P(z) = qn(z) + z»q*n(z) with , , n^(anz)k 1 (anz)" 1, . , . ,,°n iz) = ¿^ k[ + 2 n\ = 2^anz^ + sn-\ianz)). k=0 In particular, P(l) = 2q"(l) > 0 and P(-l) = 2q"(-l). If we could show that qn(-l) <0, then it would follow that P(z) has a zero in the interval (-1, 1) , which would be a contradiction. Therefore we will show that q"(-l) < 0 for n sufficiently large (in fact only for n even).
Since for z e C, Since a > y we have ex+aa > 1 and we see that that the left-hand side of (3.1) increases exponentially as n -► cx3. Further, the right-hand side tends to 0 for n -» oo, so that for n large enough the inequality (3.1) holds and the proposition follows. D For the special cases a = ±1, the weight function wa(t) is a Jacobi weight function. Chebyshev-type quadrature for wa(t) is related to Chebyshev-type quadrature for the ultraspherical weight function 2(1 -s2)x/2/n because of the relation -[ f(t)(l-t)x'2(l + t)-xl2dt = -( f(2s2-l)(l-s2)x'2ds.
n J-\ n J-\ [ We have taken a = +1 .] Using this relation and the symmetry of the weight function 2(1 -s2)x/2/n we get the following:
If xi, ... , xn are the nodes of a Chebyshev-type quadrature formula for Wi (t) of degree n then the 2TV points ±(^l)"\±(*±i)"2.±(-±!)"> are the nodes of a Chebyshev-type quadrature formula for 2(1 -s2)xl2/n of degree 2« + 1.
Conversely, if ±yi, ... , ±yN are the nodes of a symmetric Chebyshev-type quadrature formula for 2(1 -s2)xl2/n of degree 2n + 1, then 2y2-l,2y\-l,... , 2y2N -I are the nodes of a Chebyshev-type quadrature formula of degree n for W\(t). For the weight function 2(1 -s2)xl2/n, the author [7] has shown that the minimal number TV of nodes needed for Chebyshev-type quadrature of degree n satisfies an inequality Cin3 < N < C2n3,
where Ci, C2 are positive constants which do not depend on n . Hence also for Wi(t), Chebyshev-type quadrature of degree n is possible with « C«3 nodes, and this is the correct order. Now part 1 of Theorem 1 immediately gives:
Corollary 5. There exist constants Ci, C2 > 0 such that, for every n e N, s"(z) has an extension to a polynomial of degree TV with Ci«3 < TV < C2«3 whose zeros are nonreal and all lie on the circle \z\ = TV/2. The order n3 cannot be improved.
For y < \a\ < 1 no results on Chebyshev-type quadrature seem to be known. We will show that the minimal number of nodes TV needed for Chebyshev-type quadrature of degree n for wa(t) satisfies an inequality Ci« < TV < C2n . The positive constants Ci and C2 depend on a but not on n. To obtain this result, we will construct extensions of sn(z).
Extension of partial sums of the exponential series
We will prove the following theorem. Theorem 6. Let 0 < R < j . Then there is a constant Co = cq(R) e N such that, for every n and every c >co, s"(z) has an extension to a polynomial of degree en which is zero-free in the disc \z\ < Ren.
Remark, a) From the results of Szegö [13] Thus, 5at(z) is an extension of s"(z) to a polynomial of degree (1 + m)n . For pm(t) we take qm(t/N), where qm(w) is a monic polynomial with real coefficients. In the integrals of (4.1) and (4.2) we make the substitution t = wN to obtain The rest of the proof will be divided into three steps. In Step 1 we introduce an auxiliary function F(z) and establish some basic properties. In Step 2 we define for every m a polynomial qm(t) and a function Fm(z). We show that Fm(z) tends to F(z) as m-» oo. Using these results we will show in Step 3 that for m large enough (say m > mo) the inequality (4.5) holds for every n e N and for every \z\ < RN = R(l + m)n . Then the theorem follows with Co -I +mo .
Step 1. Take r = 2R2 so that 0 < r < T? < 1/2 and let p be the measure on the circle £ = re'6 given by , 1 -cosö , dp(Ç) = -^-dB.
2tt
The moments of p are easily computed: / 1 for k = 0, ikdp(i) = l-r/2 foTk=l, 0 for k > 2 .
Define for \z\ > r, (4.6) F(z) = -Rez+f\og\z-Z\dp(i).
Since for \z\ > r, I log \z -i| dp(S) = log \z\ + Re I log (l -|) dp(Z) OO . . In the rest of the proof, e as defined in (4.8) and S satisfying (4.10) will be fixed.
Step 2. For every m , take m points £1 ,m, • • • , £m,m on the circle |^| = r as follows. We let Çj>m = re'6'-m , where /■''■" 1 -coso ,. The function Fm(z) is subharmonic on C and is harmonic for z ^ <^;,m, 7 = 0,... , m , so in particular, Fm(z) is harmonic for \z\ > r.
Comparing (4.6) and (4.11), we have that (4.12) lim Fm(z) = F(z) m-*oG pointwise for \z\ > r. As the points Çj,m, j = 0,... , m , have absolute values < r, it easily follows from (4.11) that the functions Fm(z) are uniformly bounded on compact subsets of \z\ > r. Since the functions Fm(z) are harmonic for \z\ > r, this implies that they form a normal family (see, e.g., [ For the lower bound we take Ci = 1/2. It is a general result that for any quadrature formula of degree > n with arbitrary weights one needs more than n/2 nodes. D The surface element is a(l + a cos y/)dcpdy/ = do and the surface area is 47t2a. A Chebyshev-type quadrature formula for Ta is a formula of the form holds for all polynomials f(x, y, z) of degree < n which are even in y and z . By the symmetry in y and z , it then follows that the 47Vi(n + 1) points (Xij, ±y¡j, ±zu), i = 1, ... ,n + 1, j =1, ... , Ni, are the nodes of a Chebyshev-type quadrature formula of size < SCn(n + 1) and degree n . D Bibliography
